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■^ ■ Abstract - We describe complex twistor spaces over inner 3-symmetric spaces G/ H, such 

^yQ . that H acts transitively on the fibre. Like in the symmetric case, these are flag manifolds G/K 

where K is the centralizer of a torus in G. Moreover, they carry an almost complex structure 
defined using the horizontal distribution of the normal connection on G/H , that coincides 

r*n . with the complex structure associated to a parabolic subgroup P C G*^ if it is integrable. 

/-s I Conversely, starting from a complex flag manifold G'^/P, there exists a natural fibration with 

. ■ complex fibres on a 3-symmetric space, called fibration of degree 3. 

1. Introduction 

^ . Tvi^istor theory is a story that begins in dimension 4 : let (M, g) be an oriented 

Q>^ ! Riemannian 4-manifold, because of the decomposition, at the Lie algebra level, so(4) ~ 

rn I -Spll) ©5p(l), the bundle of 2-forms splits into 

■^ ' 

O 

"§: a2 = a2^©a^ 



c^ 



^2 ' The twistor space of M is defined to be 2, the unit sphere bundle in A^. It can be seen 

as the bundle v^^hose sections are the almost complex structures (or the Kahler forms) 

>■ ! on M , compatible with the metric and orientation. It is this last definition we use in 

'k/i I even dimension higher than 6. The fibre 2^ — CP(1), or the vertical distribution, are 

}^ • equipped with a natural, and in fact with two opposite complex structures which may be 

completed using the horizontal distribution induced by the Levi Civita connection : the 
resulting almost complex structure Ji on 2 is integrable, for one choice of orientation of 
the fibre, as soon as the manifold is self-dual, meaning that the Weyl tensor takes values 
in A^, while with the other choice of orientation, we get an almost complex structure 
J2 never integrable. 

Unfortunately, this has much to do with the representations of SO (4) and generalizes 
quite bad in higher dimensions. However, solutions to the problem of finding complex 
twistor spaces over a Riemannian manifold M of dimension 2n > 6, non locally con- 
formally fiat, exist if we suppose it is equipped furthermore with some G -structure, 
G ^ S0{2n). We enter then the field of special geometries. So far, the research on spe- 
cial geometries and twistor spaces has been mainly focused, quite naturally, on special 
holonomies (for example Kahler, or quaternion-Kahler manifolds), including symmetric 
spaces. We are interested here in special geometries with torsion, i.e. the case where 
the G-structure is not underlying a Riemannian holonomy reduction. 



Nearly Kahler manifolds are quite representative of the special geometries with tor- 
sion, for several reasons. Firstly they consist in almost Hermitian manifolds {M,g,J) 
which are not Kahlerian, but not either complex (J is not integrable), nor symplec- 
tic (the Kahler form u is not closed). So they are as far as possible of integrable 
structures. However, the condition imposed on the G-structure to define them is quite 
simple : we ask Va;, where V is the Levi-Civita connection, to be a 3-form, \/X e TM, 
Vx^ = ^txdu. Secondly, the classification of nearly Kahler manifolds is intimately 
related to a class of homogeneous, non symmetric manifolds (such a homogeneous space 
K/H is thus an example of a H -manifold with torsion) : the 3-symmetric spaces. In- 
deed, it was shown in [9] that all homogeneous nearly Kahler manifolds are of that 
type and in fact these are the only compact (or equivalently complete) known exam- 
ples. And thirdly, in dimension 6, nearly Kahler manifolds have a further reduction to 
SU{3) and belong, though not to the series of special holonomies, to another series : the 
weak holonomies, like Einstein-Sasaki manifolds in dimension 5 or nearly parallel G2- 
manifolds in dimension 7. Kahler geometry, Riemannian holonomy, symmetric spaces : 
the study of nearly Kahler manifolds gives a generalization of these three notions that 
doesn't consist only in weakening the definition but in imposing new, orthogonal condi- 
tions that still determine useful identities, for example on the curvature (this constitutes 
one of the motivations given bv the major contributor of the field, Alfred Gray, see e.g. 
[18]). 

Moreover, nearly Kahler manifolds are already related to twistor theory. Indeed, 
it was shown by Eels, Salamon [15] that the twistor space S of a self-dual Einstein 
manifold has a natural Kahler structure {gi, Ji) (cf [17, 20]) but also a natural nearly 
Kahler structure ((72, <^2)- The same holds, as proved in [1] or [21], on the twistor space 
of a quaternion-Kahler manifold with positive scalar curvature. And if the base is 
symmetric, then ^ is a 3-symmetric space. On the other hand, S^ ~ G2/ SU{?>) has 
a complex Riemannian twistor space, because it is locally conformally flat, and inside 
this one, a reduced twistor space, isomorphic to G2/U(2), invariant by SU{3). 

Inspired by this last example, we look, in this article like in a previous one [10], for 
twistor spaces with integrable almost complex structure on nearly Kahler manifolds. 
According to Nagy [22], nearly Kahler, complete, simply connected manifolds decom- 
pose, in all dimensions, in a Riemannian product of : 
(i) 3-symmetric spaces, 

(ii) twistor spaces of non locally symmetric, irreducible, quaternion-Kahler manifolds, 
(iii) 6-dimensional, non locally 3-symmetric, strictly nearly Kahler manifolds. 

In [10] we were concerned by (iii), i.e. 6-dimensional manifolds, going back to a prob- 
lem left opened by O'Brian, Rawnsley [23]. The results were not fully satisfactory, from 
our point of view, since only S^ and Kahlerian manifolds, or almost Hermitian mani- 
folds locally conformal to them, were given a complex twistor space with our method. 
We consider now the case of (i). This time we were able to generalize the flbration 
G2/U{2) -^ G2I SU{?i) ~ S^ . The reason is we only used in [10] the reduction of the 
structural group to U{n) while we take advantage here of the full holonomy reduction 
H of V, the canonical Hermitian connection of our 3-symmetric space GjH . 



The paper is organized as follows. Section 2 is devoted to some quite general prelim- 
inaries. We give the definition of nearly Kahler manifolds. Section 3 is a presentation 
of 3-symmetric spaces based on the isotropy representation. We show that the normal 
connection of a Riemannian 3-symmetric space (3-symmetric homogeneous spaces are 
always reductive) coincides with the intrinsic connection of a canonical almost Hermit- 
ian structure defined on it. As a consequence, we are able to give a new characterization 
of locally 3-symmetric spaces (see theorem 3.6) as a particular case of Ambrose-Singer 
manifolds. However, it can be seen as a reinterpration, in terms of the intrinsic con- 
nection, of equations given by Gray in [18]. Moreover, it generalizes a remark of Nagy 
in [22] in the nearly Kahler case. In section 4 we explain how to construct a twistor 
space Z and its almost complex structure on a if-manifold with torsion, such that the 
group H acts transitively on the fibre, using a if -connection. In section 5 we extend 
the work of Burstall, Rawnsley [12] and others on symmetric spaces to a general re- 
ductive homogeneous space G/H, such that the groups G and H have same rank. We 
are particularly interested in the case of 3-symmetric spaces (then, our hypothesis is 
equivalent to s, the automorphism of order 3 defining our space, being inner, like in 
the symmetric case). Twistor spaces constructed on G/H, following the plan of section 
4, are fiag manifolds. By this we mean a homogeneous space G/K where K is the 
centralizer of a torus in G. In particular G acts transitively on them and integrability 
conditions (23), (24), translate into algebraic conditions (25) on a subspace n"*" of the 
complexified Lie algebra g*^. Invariant complex structures on fiag manifolds are given 
by parabolic subgroups P C G'^ such that K = PDG and so G/K ~ G'^/P. Our main 
result of this section (theorem 5.12) is then that the natural almost complex structure 
associated to the normal connection on the twistor space is integrable if and only it is 
given by such an isomorphism. We summarize this : 

Theorem 1.1. Let M = G/H be a normal homogeneous space such that G and H have 

same rank. Let {2, J') be the Riemannian twistor space of M, equipped with the almost 

complex structure associated to the normal connection. Then 

(i) Z is an almost complex submanifold of {Z, J) if and only if it is isomorphic to a 

flag manifold G/K, where K is a subgroup of H. 

(a) Supposing (i), (Z, J) is a complex manifold if and only if it is isomorphic to a 

complex flag manifold G'^/P. 

Conversely, starting with a complex fiag manifold G^/P, we define a fibration with 
complex fibres over a 3-symmetric space, called fibration of degree 3. We use the same 
tools as Burstall and Rawnsley [12] for the construction of their canonical fibration, 
going from a fiag manifold to a symmetric space. The results of section 5 are applied, in 
the last two sections, to 3-symmetric spaces : in section 6, to examples which we found 
enlightening, and in section 7 systematically to two types of inner 3-symmetric spaces 
in the classification of Gray and Wolf [30] : isotropy irreducible 3-symmetric spaces, like 
the sphere S^ ~ G2/ SU{/i) ; and twistor spaces over symmetric spaces, like CP(2g + 1), 
the twistor space of ]HI(g). The former were first discovered by Wolf in [29] : indeed, 
in the list given p281, all homogeneous spaces are symmetric, except six 3-symmetric 
spaces and one 5-symmetric space. 



Theorem 1.2. Isotropy irreducible 3-symmetric spaces G/H have a complex twistor 

space G/K such that 

(i) the fibre, H/K, is isomorphic to CP(2) ~ SU{3)/U{2), except for Eg/ SU (9) where 

the fibre is CP{8) ~ SU{9)/U{8). 

(a) G/K -^ G/H is the fibration of degree 3. 

Acknowledgement : thank you as always to Andrei (Moroianu) for his precious advice. 

2. Preliminaries 

The objects - nearly Kahler, 3-symmetric spaces - we deal with in this article are 
both "algebraic" (since they are isomorphic to a quotient of Lie groups) and "geometric" 
(since they are almost Hermitian differentiable manifolds). So we need two sorts of 
preliminaries. First, concerning Lie algebras and representation theory : 

Definition 2.1. Let a. be a Lie algebra. The derived series {oy'')i>i of a is defined by 

a« = a and a(*+^) = [a», a«] 

The central descending series of a are (a*)i>i where 

a = a, a = [a , a J 

Definition 2.2. A Lie algebra a is called solvable if there exists an r E fi such that 
flW = {0}. It is called nilpotent if there exists r such that a*" = {0}. 

Definition 2.3. Let g be the Lie algebra of a compact semi-simple Lie group G. 

A parabolic subalgebra p is a subalgebra that contains a maximal solvable subalgebra of 

The parabolic subalgebras are described using a root system. Let T C G be a maximal 
torus, t its Lie algebra. We denote by TZ the root system associated to T, i.e. the set of 
non zero weights of the adjoint representation Ad of G on the complexified Lie algebra 
g"^ = (8>R C Let i3 be a choice of simple roots. For P E B, a E TZ, denote by npi^a) 
the coefficient along P oi a in the decomposition 

a = y^^np{a)P 

I3et3 

relative to the base B. By the definition of the simple roots, a is a positive root {a G TZ'^) 
if and only if npi^a) > for all P E B. More generally define, for a subset A C B, 

P&A 

Again, a G 7^"*" implies n^(ci) > and n^(Q;) = if and only \inp{a) = for all P E A. 

Denote by Qa C g^ the 2-dimensional weight space relative to a root a. The weight 
space relative to is simply t*^. Denote, also, by Ig^J the real root space : 

Igal = gn (ga©g-a). 



Theorem 2.4. For each subset A of B, the summand 

(1) P^ = t^© Y^ 0a 

is a parabolic subalgebra of Q^ and moreover, each parabolic subalgebra can be written 
in this form for a certain root system and a choice of simple roots. 

We decompose p_4 into 

(2) pA = fA® ^\ 

where 

(3) e^ = snp^ = t© Y. I0"1' ^i= E 0" 

Let _ 

Lemma 2.5. The summand {\ is a nilpotent subalgebra. In fact, it is the nilradical 
(the maximum nilpotent subalgebra) of p^- 



Let's come to the geometric preliminaries. They deal with almost Hermitian mani- 
folds, then with nearly Kahler manifolds. 

An almost Hermitian manifold is a real manifold M of dimension m = 2n with a 
reduction of the frame bundle to the unitary group U{n) (a U{n)- structure) or equiv- 
alently with a Riemannian metric g and an almost complex structure J (J^ = —Id), 
compatible in the sense that, VX, Y G TM, g{JX, JY) = g{X, Y). Given g, J, we con- 
struct a third tensor, a differential 2-form u, called the Kahler form of M and defined 
by 

uj{X,Y)=g{JX,Y). 

Let V be the Levi-Civita connection of g. The set of metric connections is an affine 
space modeled on the space of sections of A^ (g)so(m), where so(m) is the bundle of 
skew-symmetric endomorphisms of TM. In other words, if V is a metric connection, 
the difference V — V is a so(m)-valued 1-form. Now the set of Hermitian connections, 
that is connections V satisfying not only Vg = but also V J = 0, is an affine subspace 
of the previous one, modeled on r(A^ u{n)), where u{n) is the adjoint bundle of the 
?7(n)-structure, identified with the bundle of skew-symmetric endomorphisms of the 
tangent bundle commuting with J. In other words, V — V decomposes into 

A^(g)So{m) = A^(g)u{n)^ © A^(g)u{n) 
^ ^ V-V = r/ + e 



where the tensor rj is independant on the choice of the Hermitian connection. Let V be 
the unique Hermitian connection such that ^ = or 

V- V = r/ 

Definition 2.6. We call V the intrinsic connection, or the canonical Hermitian con- 
nection, of {M,g, J). Then we call rj the intrinsic torsion of the U{n) -structure or the 
almost Hermitian manifold. 

The torsion T of V and 77, the intrinsic torsion, are related by 

T{X,Y)=r]xY-r]YX 
Furthermore r/ can be computed explicitely : 

yxeTM, vx = \jo{VxJ) 

Then, 77 = if and only if J is parallel for the Levi-Civita connection, i.e. M is 
Kahlerian, or the Riemannian holonomy is contained in U{n). Now, 

Definition 2.7. An almost Hermitian manifold {M,g, J) is called nearly Kdhler if the 
intrinsic torsion is totally skewsymmetric, 

VX e TM, {VxJ)X = 

Equivalently, the covariant derivative of u is a 3-form : 

Voj = -du 

o 

because the Levi-Civita connection has no torsion. 

Denote by A^''^ the bundle of r-forms of type (p, g), p-\-q = r. lip 7^ q, the intersection 
of A^''' © A^'^ with the real forms is the bundle lA^'*^] C A'' of real forms of type 
{p,q) + {q,p)- But if p = g, A^'^ is already the complexification of [A^'^], the bundle of 
real forms of type {p,p). Now, the metric g gives the isomorphisms u{n) ~ [A^'^] and 
u{n)-^ ^ IA^'°] and there is a decomposition, 

(5) Ai®u(n)^ ~ |A^'° ® A''°l © IA°'^ ® A''°l 

(6) ^ [A^'^l © [Ul © [A^'^1 © A^ 

This is the irreducible decomposition of the representation A^ © u{n)-^ of U{n) at each 
point. The totally skewsymmetric tensors are the sections of the bundle isomorphic to 
|A^'°]. Then, M is nearly Kahler if and only if 77 G |A^'°] whereas complex manifolds 
are characterized by 77 G |A^'^], and du = (the manifold M is symplectic, or almost 
Kdhler) is equivalent to 7/ being a section of the unidentified bundle [U-*^]. 

With this definition, Kahlerian manifolds are nearly Kahler but we want to treat 
them separately so we give the following definition : 

Definition 2.8. A nearly Kahler manifold is called strict (strictly nearly Kahler man- 
ifold) if there exist no vector X G TM such that VxJ is identically zero. 



Nearly Kahler manifold have the following important property : 

(7) V77 = 

Since V is a Hermitian connection, this is equivalent to V(Vcj) = or Vdu = 0. 

A consequence (cf [21]) is that any nearly Kahler manifold might be decomposed 
locally (or globally, if it is simply connected) into the Hermitian product of a Kahler 
manifold by a strictly nearly Kahler manifold. Thus, the study of nearly Kahler man- 
ifolds reduces to that of strict ones. From now on, when talking about nearly Kahler 
manifolds we implicitely assume they are strict. 

We end up this section by quoting a result announced in the introduction. This is due 
to Alexandrov, Grantcharov, Ivanov [1] or Nagy [21] for quaternion-Kahler manifolds, 
and to Eels, Salamon [15] in dimension 4. 

Theorem 2.9. Let tt : M -^ N be the twistor space of a quaternion-Kahler manifold 
of dimension Aq, q >2, or of a Kahler- Einstein manifold in dimension 4, with positive 
scalar curvature. Then M has a natural Kdhlerian structure {gi,Ji) (see [20, 17, 2b\) 
but also a natural strictly nearly Kahler structure {g2, ^2)- Moreover, let V be the vertical 
distribution on M, tangent to the fibres, and let Ti be the horizontal distribution (such 
that TM = V © Ti) induced by the Levi-Civita connection of g, the metric on N, we 
have : 



9i\v = 2g2\v, 9i\h = 92\h = T^* {9) and Ji|v = --^2|v, Ji\h = J: 



2\H 



3. 3-SYMMETRIC SPACES 

Another important class of examples of nearly Kahler manifolds is provided by the 
3-symmetric spaces. They were introduced by Gray [18] in 1970 as a generalization of 
the well-known symmetric spaces : 

Definition 3.1. A 3-symmetric space is a homogeneous space M = G/H, where G has 
an automorphism s of order 3 such that 

(8) GldH gG' 

where G^ = {g ^ G \ s{g) = g} is the fixed points set of s and Gq is the identity 
component of G^ . 

Let g, P) be the Lie algebras of G, if, respectively. For a symmetric space, the 
eigenspace, for the eigenvalue —1, of the differential s* : g — ;► of the automorphism at 
e, is an Ad(if)-invariant complement of f) in g, so that a symmetric space is always a 
reductive homogeneous space. 

For a 3-symmetric space, things are slightly more complicated : s^ has now three 
eigenvalues, 1, j = —\ + i^ and j^ = j = — | — ^ 2 ' ^^° °^ which are complex, and 



correspondingly there is a decomposition (by (8), P) is always the eigenspace for the 
eigenvalue 1) : 

Now, m = (ntj © mj2) n g satisfies 

(9) g = {) © m, Ad{H)m C m 

so 3-symmetric spaces are also reductive homogenous spaces. 

But we have more than this. 

Recall that on a reductive homogenous space, the associated bundle GxAdiri (we view 
G as a principal bundle of structure group H over M), is identified with the tangent 
bundle TM and that invariant tensors, for the right action of G on M, are identified with 
constant tensors on m. Recall also that an almost complex structure might be identified 
with the bundle T~^M of (1,0) vectors. Thus, an invariant almost complex structure on 
a reductive homogeneous space is identified with a maximal isotropic subspace m"*" of 
m^ or equivalently with a decomposition m"' = m"*" © m~ where m" = m+. Now, on a 
3-symmetric space there is already such a decomposition, by the definition of m. 

Definition 3.2. The canonical almost complex structure of a 3-symmetric space is the 
invariant almost complex structure such that the (1,0) -vector fields are the sections of 
the associated bundle G x^d nXj. 

In other words we put m"^ = xxij. We will give another definition, more faithful to the 
original one. The restriction of s^ to m represents an invariant tensor 5* of M which 
satisfies : 
(i) S^ = Id 

(ii) Vx G M, 1 is not an eigenvalue of Sx 
Thus, one can write S, as for a (non trivial) third root of unity, 

(10) s = -hd + y^j 

where 

J2 = -Id 
We say that J is the canonical almost complex structure of the 3-symmetric space. 

Similarly, on a reductive homogeneous space, an Ad(if )-invariant scalar product g on 
m, where m satisfies (9), defines an invariant metric on M, also denoted hj g. If M is 
a symmetric space, the pair (M, g) is called a Riemannian symmetric space. If M is a 
3-symmetric space and g, J are compatible, {M,g) is called a Riemannian 3-symmetric 
space. 

A sufficient condition for a reductive homogeneous space to be a symmetric space is 

(11) [m,m]c[) 

Indeed, we define an endormorphism / of g by setting /If, = Id\ij and /!„, = —Id\m- 
Then, (11) together with 

(12) [f),m]cm 



(a consequence of (9)) imply 

(13) VX,Fe0, [f{X)J{Y)] = f{[X,Y]) 

So / can be integrated into an automorphism (an involution) of G : 

VX G 0, s(exp(X)) = exp(/(X)) 

{G is simply connected whence exp : g ^ G is surjective). 
Similar conditions exist, for 3-symmetric spaces : 

Lemma 3.3. Let M = G/H be a reductive homogeneous space, with an invariant almost 
complex structure represented by the decomposition 

Then M is a 3-symmetric space endowed with its canonical almost complex structure if 
and only if 

(14) [m+,m+] C m", [m",m"] C m+ and [m+,m"] C t)^. 

Proof. The proof is very similar to the symmetric case. We set 

f\\) = Id\^, f\m+=jld\m+ and fU' = fld\„- 

The endomorphism / satisfies (13) if and only if, for two eigenspaces itia and m^ corre- 
sponding to the eigenvalues A, n we have [mA,m^] C rriA^. We already have : [[), f)] C f) 
(P) is a subalgebra) and 

[{),m^] C m^ and [f),m+] C m^, 

because the almost complex structure represented by m"*" is invariant. The rest is exactly 

(14). D 

Conditions involving the Lie bracket might be interpreted, on a reductive homoge- 
neous space, as conditions on the torsion and the curvature of the normal connection 
V. The latter is defined as the if -connection on G whose horizontal distribution is 
G X m C TG ^ G X g. Indeed, 

Lemma 3.4. The torsion T, and the curvature R of the normal connection V, viewed 
as constant tensors, are respectively the xn-valued 2-form and the \)-valued 2-form on m 
given by 

Vm, V em, f{u, v) = - [u, v]"^, Ru,v = [u, v] ^ 



Proposition 3.5. Let M = G/H be an almost Hermitian homogeneous space. By this 
we mean it is equipped with a G-invariant almost Hermitian structure. Suppose it is 
furthermore reductive. Then, M is a 3-symmetric space if and only if it is quasi-Kdhler 
and the intrinsic connection V coincides with V. 



10 



An almost Hermitian manifold is called quasi-Kdhler if WX,Y G TM, (VxJ)y + 
iy jxJ)Jy = 0. Equivalently, the intrinsic torsion is a section of the first bundle of (5), 
isomorphic to |A^'° ® A^'°l. 

Proof. In terms of the torsion and curvature of the normal connection, equations (14) 
become 

(15) f(m+,m+) cm~, f (m",m^) C m+, f (m+,m~) = {0} 

(16) _R(m+,m+) = _R(m",m") = {0} 

The first line tells us that T belongs to the intersection of A^m^m with 0^(m+)* © 
(tn^)*- Since the application 

A^(g)So(m) ^ A?®TM 

^ ^ {f ■.{X,Y)^f{X,Y)=^xY -^yX} 

is an isomorphism, we prefer working with r] = 'W — V . Then (15) is equivalent to 

In particular r/~G A^ ®vi{n)-^ so V = V (the normal connection of an almost Hermitian 
homogeneous space is always a Hermitian connection) thus r/ G |[A^'° ® A^'°], i.e. the 
manifold is quasi-Kahler and the converse is true (equations (16) are automatically 
satisfied on a quasi-Kahler manifold by the curvature tensor of the intrinsic connection, 
see for example [16]). D 

There is also a notion of locally 3-symmetric space, which means that there exists 
a family of local isometrics {sx)x(^m, the geodesic symmetries of order 3, such that 
$1 = Id and Vx G M, x is an isolated fixed point of s^ (for a 3-symmetric space, 
the automorphism s induces such a family on the manifold where the Sx are globally 
defined). See [18] for details. 

Theorem 3.6. An almost Hermitian manifold M of dimension m is a locally 3-symmetric 
space if and only if it is quasi-Kdhler and the torsion and the curvature of the intrinsic 
connection V satisfy 

(17) VT = and VR = 



Proof. Let H be the reduced holonomy group of the intrinsic torsion and I) its Lie alge- 
bra. If the torsion and curvature of V are parallel, they generate an infinitesimal model 
(g, P)). Moreover, it is always regular, like in the symmetric case, under the hypothesis 
of theorem (3.6) because i) is the fixed point set of a Lie algebra automorphism of order 
3 : if G be the simply connected group of Lie algebra g, if is a closed subgroup of G. 
Then, by the work of Tricerri [28], M is locally isometric to a reductive homogeneous 
space G/H whose normal connection coincides with V and since M is quasi-Kahler, by 
proposition 3.5, G/H is a 3-symmetric space. 
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Conversely, the normal connection of a reductive homogeneous space always satisfies 
VT = V-R = (in fact, every invariant tensor for the action of G on the right is parallel 
for V) and on a 3-symmetric space it coincides with V. D 

The system (17) should be compared to the definition, Vi? = 0, of locally symmetric 
spaces. In [11] we showed that it is equivalent to some equations given by Gray [18], 
reinterpreted by the intrinsic connection. 

Nearly Kahler manifolds are quasi-Kahler and the condition that M, the 3-symmetric 
space, is nearly Kahler translates into a structural condition on the homogeneous space. 

Definition 3.7. A reductive Riemannian homogeneous space is called naturally reduc- 
tive if the scalar product g on ra representing the invariant metric satisfies 

(18) VX,F,Zem, gi[X,YlZ) = -gi[X,ZlY) 

Equivalently, the torsion T of the normal connection is totally skewsymmetric. 

For a 3-symmetric space, the intrinsic connection coincides with the normal connec- 
tion. As a consequence. 

Proposition 3.8. A Riemannian 3-symmetric space is nearly Kahler if and only if it 
is naturally reductive. 

Condition (18) is satisfied when g is the restriction of an Ad(G)-invariant scalar 
product q on g, representing a biinvariant metric on G. For example, on a compact, 
semi-simple Lie group G, the Killing form B is negative definite, so we can take q = —B. 

As we shall see in more detail, 3-symmetric spaces are related to twistor geometry : 

Proposition 3.9. The twistor space M of a quaternion- Kahler (or Einstein, self-dual, 
in dimension 4) symmetric space is a 3-symmetric space with canonical almost complex 
structure J2 (see theorem 2.9). 

This is compatible with the fact [1, 15] that {M,g, J2) is quasi-Kahler, for a general 
twistor metric g. 

4. Twistor spaces and holonomy 

Francis Burstall [13] practically resolved the problem of finding twistor spaces (com- 
plex manifolds fibring over a real manifold, such that the fibres are complex submani- 
folds) over Riemannian manifolds using the holonomy (for the moment, we are talking 
about the Riemannian holonomy). Here is a summary of his results that will motivate 
our own hypothesis. 

For an oriented Riemannian manifold (M, g) of dimension 2n, let tt : ^ ^ M be 
the bundle whose sections are the almost complex structures on M, compatible with 
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the metric g and the orientation. It can be seen as the associated bundle of the metric 
structure with fibre 

Z{n) = {j G S0{2n) \ j^ = -Id] ~ S0{2n)/U{n) 

The manifold Z is itself equipped with an almost complex structure, defined in the fol- 
lowing way. First, the fibres have a natural complex structure J^ , because S0{2n)/U{n) 
is an Hermitian symmetric space. Then, the Levi-Civita connection of M induces a 
horizontal distribution Ti on Z that allows us to complete J"" into an almost complex 
structure J on the whole TZ^ setting 

where the point j G ^ is viewed as a complex structure on T^M^ x = 7r(j). It is a cele- 
brated result [2] that JT" is integrable for a large class of 4-dimensional manifolds, called 
the "self-dual" manifolds. Unfortunately, in higher dimensions 2n > 6, the Riemannian 
manifolds M for which Z is a complex manifold are much rarer. In fact they must be 
locally conformally fiat. We then look for a twistor space on M among the submanifolds 
of Z i.e. we look for an almost complex submanifold Z of ^ where J^ is integrable. To 
be an almost complex submanifold, Z must verify two conditions : 
(i) the fibre Z^ must be a complex submanifold of Z^- 

(ii) the restriction to Z of the horizontal distribution H associated to the Levi-Civita 
connection V must be tangent to Z. 

For condition (ii) to be satisfied, it suffices to take a subbundle associated to the holo- 
nomy reduction. Consequently, ii H C S0{2n) is the holonomy group of V, a natural 
idea is to consider the bundle with typical fibre the orbit of j G 2{n) under H. We then 
get a well behaved submanifold and condition (i) is equivalent to an algebraic condition 
involving H. Secondly, a point j E Z is in the zero set of the Nijenhuis tensor. A/", of 
J' if and only if 

(19) i?,(T+,T+)T+cT+ 

where x = n{j) and T^ C T^M is the set of (1,0) vectors at x with respect to j. Of 
course, according to the Newlander-Nirenberg theorem, J' is integrable on Z if and only 
if (19) is satisfied for all j G Z. 

Starting from Berger's list of holonomy representations of irreducible Riemannian 
manifolds [5], F. Burstall investigates all cases. The case of symmetric spaces is very 
interesting and studied in details in the book [12] and the article [14]. Indeed, symmetric 
spaces often admit several flag manifolds as twistor spaces. Concerning the non locally 
symmetric spaces, only the case where H = Sp{q)Sp{l) (n = 2g) gives fully satisfactory 
results : all quaternion-Kahler manifolds admit a complex twistor space with fibre 
CP(1). In fact, they can be viewed as an analog, in dimension 4g, g > 2, of Einstein, 
self-dual manifolds in dimension 4. For U{n), i.e. for Kahlerian manifolds, there is still 
a large class of manifolds having a twistor space with fibre CP(n — 1), the Bochner- 
fiat Kahler manifolds (see [23]). Finally, the method gives no new results for H being 
Spin{7), SU{n) or Sp{q) (the manifold has to be conformally fiat in order to admit an 
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integrable twistor space). Of course the representation of G2 is odd (seven) dimensional 
so it is not to be considered. 

Consequently, we shall now interest ourselves to if -structures with torsion. But in 
this case V is not the appropriate connection anymore since it is not a if-connection. 
Let V be a if -connection. We construct a new almost complex structure Jj on 2 using 
the horizontal distribution of V and a submanifold Z of S, as before : 

Definition 4.1. Let M be a H -manifold of dimension 2n, j G 2{n). The H -twistor 
space associated to j is the associated bundle Z of the H -structure with fibre the H -orbit 
O of] in Z{n). 

Remark 4.2. We shall talk also of the H -twistor space associated to O , or to a point 
j G Z, identifying T^M to M^" - and thus Zj. to Z{n) - by means of a frame p G H^iM). 
This is independent on the choice ofp, because we consider H- orbits. 

Since Z is an associated bundle of the if -structure, the horizontal distribution of V 
on Z is tangent to it. Then, Z is an almost complex submanifold of {Z, J) if and only 
if the vertical distribution is also stable by J , i.e. C is a complex submanifold of Z{n). 

Proposition 4.3. Let] G Z{n). Let H be a subgroup of S0{2n) acting on Z{n) with 
stabilizer K at\. Then the orbit of ], isomorphic to H/K, is a complex submanifold of 
Z{n) if and only if] belongs to N{H), the normalizer of H in S0{2n). 

Proof We can always assume U{n) is the stabilizer of our fixed j. Let so(2n), u(n) be 
the Lie algebra of S0{2n), U{n), respectively. 

5o(2n) = u(n) ©3 

where 3 represents the tangent space oi Z{n) ~ S0{2n)/U{n). Moreover, so(2n) may 
be identified with the space of 2-forms on M^" and if we complexify : 

so(2n)C = u(n)^©3''°©3°'' 

where u(n)'^ is identified with the space of complex (l,l)-forms on M^"^ and 3^'" (resp. 
3°'^) is identified with the space of 2-forms of type (2,0) (resp. (0,2)). This is also the 
eigenspace decomposition, for the eigenvalues 0, 2i, — 2i, of j, acting as an element of 
the Lie algebra. The natural complex structure on Z{n) is defined to be the invariant 
almost complex structure on the homogeneous space represented by 3^'° C 3*^. It is 
integrable because j acts on [3^''^, 3^'°] with eigenvalue 2i + 2i = 4d so this space can 
only be {0}. Now, if j G N{H), it preserves H or [), so there is a decomposition into 
eigenspaces : 

(20) f)*^ = «^ © D=^'° © D°'2 

where F = u{nf f] [)^, D^'O = 32.0 n l)^, D^'" = 32.0 ni)^ (K C U{n) because it is the 
stabilizer of j in H). Consequently H/K is a complex submanifold of S0{2n)/U(n). 

Conversely, if H/K is a complex submanifold of S0{2n)/U{n), (20) holds so j pre- 
serves f), i.e. belongs to N{H). D 
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The following corollary will be of considerable importance in the sequel. 

Corollary 4.4. Assume H is a semi-simple subgroup of S0{2n). If O c:^ H/K is a 
complex submanifold of Z(n), then K is the centralizer of a torus in H. 

Equivalently, K preserves an element jo € t) or (9 is isomorphic to an adjoint orbit of 
H. 

Proof. Let C{H) be the centralizer oi H in S0{2n) : 

C{H) = {ge S0{2n) \ V/i G H,ghg-^ = h} 

Denote by c(l)) its Lie algebra and by n(()) the Lie algebra of N{H), we have 

(21) n(^) = [[),[)]©c(f)) 

The proof of this fact is given in [24], pl5 and uses an Ad(iJ)-invariant scalar product 
on n(f)). 

Now, ii H/K is a complex submanifold of S0{2n)/U(n), by proposition 4.3, j belongs 
to N{H), or n(()). Thus, it can be decomposed according to (21) : 

J =Jo+ji 

where jo G f) and ji G c(()). Moreover an element h E H stabilizes j if and only if it sta- 
blizes jo because it always stabilizes ji by the definition of the centralizer. Consequently 
K is the centralizer of jo G i^ fl [), or of the torus generated by jo. □ 

In this article we are mainly concerned with the case where if is a subgroup of U{n). 
Then M is an almost Hermitian manifold (M, g, J) and the necessary condition 4.3 
becomes : 

Corollary 4.5. Let H be a subgroup ofU{n) such that N{H) C U{n). Let Z be the 
H-twistor space over a H -manifold M associated to ] E Z{n). Suppose that O = H.] is 
a complex submanifold of Z{n) and so Z is an almost complex submanifold of {Z,J), 
where J is the almost complex structure associated to a H -connection 'V . Then, Vj G Z, 
j commutes with J^ on T^M , x = 7r(j). 

Proof. It is important to understand that in the hypothesis H C U{n) of corollary 4.5, 
U{n) is not the stabilizer of j anymore (otherwise Z would be trivial) but of another 
jo G Z{n). Now, if H/K is a complex submanifold, j G N{H) C f/(Jo) so it commutes 
with every element of the center and in particular with jo itself. In the geometrical 
background, this translates exactly into corollary 4.5. D 

Remark 4.6 (Structure of the reduced twistor space). An important example is H = 
U{n) itself. Then N[H) = U{n) and H/K being a complex submanifold is equivalent 
to] commuting with jq. This is why we considered, in [13], the "reduced twistor space" 
y C 2 of an almost complex manifold (M, g, J) whose fibre at x E M is exactly the set 
of complex structures j : T^M -^ T^M commuting with Jx- More precisely, let j G y , 
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X = ■'i'(j)- W^c diagonalize j and J^ simultaneously i.e. we find 4. subspaces R^ , Rj , Sj' 
and S~ ofT^M such that the eigenspaces of j for the respective eigenvalues i, —i are 

and the eigenspaces of J^ : 

T+M = R+ © S- , T-M = R- © S+ 

Thus Rj = R'j and Sj = Sj' . Equivalently, if we denote 

Rj = T^Mr]{RJ®Rj) and Sj = T^M f] {S^ ® S^), 

the endomorphisms j and Jx coincide on Rj but have opposite signs on Sj . Then j is 
determined by R'j or Rj and the connected components of y are characterized by the 
(complex) dimension of R'^ . Denote 

(22) yr = {3 ^ ^ \ 3° Jx = Jx° j, dimci?+ = r}, r = 1, . . . n - 1 

The group U{n) acts transitively on each fibre ofyr which is thus an U{n) -almost com- 
plex twistor space over M , with fibre the complex Grassmannian CvriC^) — U{n)/U{r)x 
U{n — r). 

Now, let A/" be the Nijenhuis tensor of J', the conditions for the vanishing of J\fj are 
more complicated in this case. In fact (19) is only a particular case of a more general 
system established by O'Brian, Rawnsley [23] : 

Proposition 4.7 (O'Brian & Rawnsley). Let M be a Riemannian manifold and J the 
almost complex structure on Z associated to a metric connection V. Let T , R be the 
torsion and curvature ofV. A point j G Z^ lies in the zero set of the Nijenhuis tensor 
M of J if and only if 



(23) T,(T+,T+)cT: 



+ 
3 ' ^3 ' '- ^ 3 



(24) RxiT;,T;)T;cT+ 

where T^ C T^M is the set of (1,0) vectors with respect to j : T^M -^ T^M . 

5. FiBRATION OF DEGREE 3 

Let M, in this section, be a homogeneous space G/ H , where G is a connected Lie 
group and if is a closed subgroup of G. Assume that G/ H is reductive and let g be an 
Ad(-ff)-invariant scalar product on m (so that H C SO{n)), inducing an invariant metric 
on M denoted the same way. Just like the theory of twistor spaces of inner symmetric 
spaces is simpler than in the outer case, we shall make here the simplification that the 
groups G and H have same rank. We also assume that G is compact, semi-simple. 

The theory of twistor spaces of "inner" homogeneous spaces relates to the study of 
fiag manifolds : 
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Definition 5.1. A flag manifold is a homogeneous space G/K where K is the centralizer 
of a torus in G. 

Proposition 5.2. Let M = G/H be a homogeneous space such that rank G = rank H. 
Let Z be the H -twister space associated to ] G ^(^)- Suppose that Z is an almost 
complex manifold of {Z, J). Then 7a is a flag manifold. 

Proof. For a homogeneous space, the -ff-structure is identified to G itself, and the orbit 
of j is isomorphic to H/ K, where K is the stabilizer of j in H, so 

Z = GxhH/K c^G/K 

Now, if H/K is a complex submanifold of Z{n), K is the centralizer of a torus in H by 
corollary 4.4. In particular, it is a subgroup of maximal rank of H. But G and H have 
same rank so i^ is a subgroup of maximal rank of G. Then, by the work of Wolf [29], 
8.10, it is also the centralizer of a torus in G. D 

Remark 5.3. Ln this homogeneous context we will talk of H-twistor spaces associated 
to n"*", instead of] G Z{n), where n"*" is a maximal isotropic subspace ofxvF, representing 
a complex structure on m compatible with g. Indeed, we see an element ip of G as a 
frame (/? : m ~ ToM -^ T.„(^g)M , identifying ip with the differential of the left action 
[ip'] \-^ [v^V^'] on M. Thus, to work directly with G as a H -structure on M, it is more 
appropriate to replace M^" by m in the definition of Z{n). 

In other words, let j be a complex structure on T^M , compatible with gx. We transport 
j or Tj' by ip E G, where x = [ip], to obtain a complex structure n+ on ToM ~ m. 
Another choice of representant of x, ip' = iph, h E H would give a different complex 
structure n'"*" C m*^ but related to n"*" via 

n'+ = Adftn+. 

5*0 to be precise we should refer to the H-twistor space associated to an orbit Ad(iJ)n"'" 
of complex structures on m. 

Moreover we can choose for the if -connection V, the normal connection of the reduc- 
tive homogeneous space. We denote by J the almost complex structure on Z associated 
to it. Then, since the torsion and curvature of V are G-invariant, integrability conditions 
for J reduce to conditions on n"*" : 

Proposition 5.4. Let M ~ G/H be a reductive homogeneous space. Let Z be the H- 

twistor space on M associated to n^ . The following conditions are equivalent : 

(i) J is integrable on Z. 

(a) 3j G Z such that Afj = 0, where Afj is the Nijenhuis tensor of J. 

(Hi) The subset n^ satisfies 

(25) [n+,n+]"^Cn+, [ [n+,n+]^n+] C n+ 

where superscript m, f) stand for the projections on the appropriate subspace. 
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Proof. As we said, equivalence between (i) and (ii) comes from the invariance of T, R. 
As for (25), this is nothing else than (23), (24), using the expressions of T, R given in 
lemma 3.4. D 



Thus, we will now interest ourselves to flag manifolds. Let T be a maximal torus of 
G and S a subtorus of T. Denote by t, s their Lie algebras and hj B a choice of simple 
roots for the root system 7?. associated to T. 

Let A be the subset of B whose complement is 

A={aeB\yX es, a{X) = 0} 

Lemma 5.5. The centralizer K of S is the subgroup of G with Lie algebra i = t_A- 

Proof. Recall the definition (3) . Equivalently, t^ is the sum of all root spaces Qa where 
a is a sum of simple roots P E A. Let X E T,Y E Qa- The commutator [X, Y] is given 

by 

ad(X)r = 2TTia{X) = 27ri ^n^(a)/3(X), 

where all U/s have same sign. It is zero for all X E S, and thus Y E t ii and only if 
n^ = whenever P E A. D 

Conversely, for each subset A of B, fi^ is the centralizer of 5 = {X E i \ Wa E 

A, a{X) = 0}. 

Now, there is also a parabolic subalgebra p^ (and a parabolic subgroup P4) associated 
to the subset A as in (1). Denote, as in the preliminaries, l^ its nilradical, [^ = l^ and 

U = n (1+ © i;^) 

so that [J is a complex structure on U, 

and 

Then i^ is an Ad(i^) complement oi i in g, l^ represents an invariant almost complex 
structure on G/H. Moreover, by lemma 2.5, [^ is a subalgebra so this almost complex 
structure is in fact integrable, corresponding to the isomorphism 

(26) G/Ka ^ G^/Pa 

Conversely, let p be parabolic subalgebra corresponding to a parabolic subgroup P. 
Then, G^ / P is a flag manifold since p might be written p^, for a base B and a subset 
A E B according to theorem 2.4 and the decomposition (2) is still valid. 

Note that the isomorphism (26) depends on the choice B of simple roots. It is only 
in this second form, G'^/P, that the flag manifold reveals as the twistor space of a 
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symmetric space, as shown by Burstall and Rawnsley, but also of a 3-symmetric space, 
as we will now see. 

We fix now such a complex structure - or such a p - on our fiag manifold G / K and 
denote p^, U, {\, V^ simply by p, [, ["*" and [~. 

From the nilradical of p, we define a finite series : 

Definition 5.6. The first canonical series associated to p is the central descending series 
{k)i>i o/l+ given by : 

Then, the second canonical series {Qi)i>i is defined by Qi = UCl [^, where the orthogonal 
is taken with respect to the Killing form of G. Finally, we put Qq = i'^ and for i < 0, 
Qi = Q^- 

First, by definition 

ieZ i>0 i>0 

Then, the gt have the following fundamental property. 

Theorem 5.7 (Burstall, Rawnsley). Let G be a compact semi-simple Lie group, p a 
parabolic subalgebra of g. The second canonical series associated to p satisfies 

Vi,jGZ, [Qi,Qj]CQi+j 
Moreover 0i generates the series in the sense that 
(27) Sr = [0i,[0i,[...,0i]...]], 

01 appearing r times in the last formula. 

The proof is by exhibiting an X G 6, that they called the canonical element o/p, such 
that Qk is the eigenspace for the eigenvalue k.i of ad(X). 

We will now construct another homogeneous space using the second canonical series. 
Let 



(28) [) = ^|03,], n^+ = ^g3^^^^ m- = 5^ 



03i+2 



i& 



SO that m"'" = m~, because — (3i+ 1) = — 3(i + 1) + 2 and if we put m = gfl (m+ ©m ), 
m"'" represents a complex structure on m. 

First, [) is a subalgebra because 3i + 3j = 3{i+j) for all i,jEZ so [gsj, g^j] C 03(i+j) C 
f) by theorem 5.7. Let H be the subgroup of G corresponding to [). In particular, t = {go} 
is contained in I) so i^ is a subgroup of H. 

Definition 5.8. The fibration G'^/P ~ G/K -^ G/H is called fibration of degree 3 of 
the (complex) fl,ag manifold. 
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Furthermore, 

[(},m+] C m+ and [f),m"] C m" 

because 3i + (3j + 1) = 3{i+j) + 1 and 3i + (3j + 2) = 3{i + j) + 2, for all i,j E Z, and 
as a consequence, 

[f),m] cm. 

We also have 

f)^ = 5^02i, 0^ = [)^©m+©m-, = [)©m 

so m is an Ad(if )-complement of f) in g and m"*" defines an invariant almost complex 
structure on the reductive homogenous space G/H. 

Proposition 5.9. The homogeneous space G/H is a 3- symmetric space with canonical 
almost complex structure represented by m"*" C m'^. 

Proof. We easily verify the equations (14), using theorem 5.7. D 

Remark 5.10. This is very similar to the construction of the canonical fibration by 
Burstall, Rawnsley, going from a flag manifold to a symmetric space. We should think 
of the canonical fibration as a "fibration of degree 2" : let f = XljgNlSsil ('•nd q = 
X]ieNlS2i+il- By theorem 5.7, f is a subalgebra, corresponding to a subgroup F of G ; q 
is an Ad{H) -invariant complement off in q and [q, q] C f (Vi,j G Z, (2i + l) + (2j + l) = 
2{i + j + 1)) so G/F is a symmetric space. 

Since G is compact, semi-simple, the Killing form B is negative definite so the re- 
striction of —B to m is an Ad(if)-invariant scalar product that makes M a naturally 
reductive, strictly nearly Kahler, homogeneous space. 

Moreover, p gives a complex structure on m : 
(29) n+ = p n m^ = gg.+i © 03^+2 

Proposition 5.11. The space G'^/P is the H-twistor space on G/H associated to n+, 
with integrable complex structure associated to the intrinsic connection. 

Proof. The fibre H/K of the fibration of degree 3 is a complex submanifold of G^/P. 
Indeed, an Ad(K)-complement of Mn () is a = X]j>oI02j1 and the subspace J2i>o&2i of 
a*^ is a subalgebra of ["*", so it defines a complex structure on H/K which coincides with 
the restriction of ["*". Consequently G/K -^ G/H is a twistor fibration. D 

We will soon prove a partial converse of proposition 5.11. Even if our main goal 
are the nearly Kahler 3-symmetric spaces, the first results are more general. We shall 
assume that M ~ G/H is a Riemannian, reductive homogeneous space such that m is 
the orthogonal of I) for g = —B, where B is the Killing form of G, and g equals the 
restriction to m of q. As a consequence, M is naturally reductive. We also assume 
as before that G and H have same rank. Then, if Z ^ G/K is an almost complex 
manifold, it is a fiag manifold by proposition (5.2). But if Z is a complex manifold we 
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have more : a complex structure on G/ K, i.e. an identification of G/ K with G^/P, for 
some parabolic subgroup P of G^. 

Theorem 5.12. Let n^ be a maximal isotropic subspace ofm'^. Then n+ satisfies (25) 
if and only if [n^,n^] + n+ is the nilradical of a parabolic subalgebra p C Q^ . As a 
consequence, the twistor space associated to n^ is integrable, isomorphic to G'^/P where 
P denotes the parabolic subgroup of G^ corresponding to p. 

Proof. We were very much inspired by the proofs of Theorem 4.8, p44 and Lemma 5.1, 
p64 of [12]. 

Let 

[+ = [n+, n+] + n+ = [n+, n+]^ © n+ 

where the second decomposition respects the sum q = l)©m. Firstly, [n"*", n"*"] C [V~, i'^] is 
contained in [+ (which has thus a chance to be a subalgebra) if and only [n+, n+]'" C n+. 
This corresponds to the first part of (25). Secondly, [f),m] C m so [[n"*", n"*"]^, n+] C t"*" 
if and only if it is contained in n+ and this corresponds to the second part of (25). 
Moreover, this is equivalent to [[n+,n+],n+] C [+ provided that [n+,n+]'" C n+. It 
remains to show that (25) implies 

[[n+,n+],[n+,n+]]c[n+,n+]+n+ 

By the Jacobi identity, 

[[n+,n+],[n+,n+]] C [[[n+,n+],n+],n+] 

C [n+,n+] + [[n+,n+],n+] 
C [n+,n+] +n+ 

Finally, ["*" is a subalgebra if and only if n+ satisfies (25). 

Let K be the stabilizer of n"*" and let t be its Lie algebra. An element X G f) belongs 
to t if and only if 

[X, n+] C n+ 

Since [I),m] C m and n^ is a maximal isotropic subset of m"-' with respect to g, this is 
equivalent to 

^([X,n+],n+) = 
But g is the restriction of q, which is Ad(G')-invariant, so X G 6 if and only if 

g(X,[n+,n+]^) = 

Consequently, denoting [~ = [+, we have 

gC = |C ^ [+ ^ r 

We want to prove that 

p = !^ © t+ 

is a parabolic subalgebra. To do this, we need to find a base i3 of a root system, and a 
subset ^ of i3 such that p = p^. 
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Before that, we prove that p is a subalgebra. By the Jacobi identity : 

[fi^, [n+,n+]] c [[^^,n+],n+] c [n+,n+] c [+ 

We also prove that [+ is isotropic. Let t)^ = [n+,n+]''. Since n"*" is maximal isotropic, 
the second part of (25) is equivalent to 

^([d+,n+],n+) = 

But g is the restriction of an Ad(G)-invariant scalar product q, and t)^, m"^ are q- 
orthogonal so this is equivalent to 

g(D + ,0 + ) =0. 

The last equation tells exactly that 0"*" is isotropic and so, so is [+ = 0+ © n+. 

By proposition 5.2, if Z is an almost complex manifold, K is the centralizer of a torus. 
Thus, it contains a maximal torus T d G. We consider the root system TZ associated 
to T. We define a subset iS of 7^ by 



■* = Ee 



a 
aeS 



This subset has the following two properties : 

{i)sn-s = {o}. 

Indeed ["*" is isotropic so we can't find a eTZ such that Qq, C ["*" andg^ C t"*". And : 
(ii) If a, P belong to S, then a + P^TZova + PES {S is dosed). 
This comes from [+ being a subalgebra. 

By a result of [6] cited in [12], p27, if a roots subset satisfies (i) and (ii) then we 
can find a base B such that S C 7^"*", the set of positive roots. With this choice of 
simple roots, there exists A C B such that I = t^ (cf lemma 5.5). Of course, ii a E S, 
^^(tt) > because it is a positive root so 

n^(a)>0 

and finally we must have 1^ = 1^. □ 

Remark 5.13. It would be enough to assume that g is the restriction of any Ad(G')- 
invariant scalar product on q, i.e. G/H is normal. However, this is equivalent to our 
assumption as soon as G is simple. 

Remark 5.14. The fibration we obtain is trivial if and only if [n"^,n'^]'' = {0} and 
[n+, n^] C xi^ i.e. n^ is already the nilradical of a subalgebra and G/H is a flag manifold. 

The demonstration of theorem 5.12 gives us an explicit way to find n"*" satisfying (25) 
and so construct a complex twistor space over G/H. Indeed, we needed to show that 
I+, and so n"*", are included in the sum of all positive root weight spaces, for a given 
base B. Conversely, we have : 
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Proposition 5.15. Let G/H be a homogeneous space such that rank H = rank G. Let 
T C H C G be a maximal torus. For a choice of simple roots B, denote by n"*" the 
complex structure on m given by 

(30) n+ = m^ n 0„ 

Then n+ satisfies (25), i.e. the H-twistor space associated to n+ is complex. 

Proof. The subset l^ = 0ag7^+ 0a is a subalgebra oi Q^ so [n"*", n+] C tg, [n+, n"^]'" C n"*" 
and [[n"*", n+]^ n+] C n+, by the definition of n+. D 

Remark 5.16. In particular, suppose that M = G/H is a 3-symmetric space with 
canonical complex structure given by m"*" . // there exists a fibration of degree 3 with base 
M, then this is one of the fibrations described in theorem 5.12 for the subset n"*" of vcf' 
given by (29). Indeed by (27), ^i > 0, [0^,0^*^^] = 0^^*+^) (with equality and not just 
inclusion) so 

[n+,n+]^ = 003„ [n+,n+]''©n+ = p 

However a fibration of degree 3 has the additional property, for the second canonical 
series associated to p, 

(31) 0^ C m+. 

Note that, if G'^/P -^ G/H is one of the fibration described in theorem 5.12, we always 
have Q^ C n"*" because [-"^ = [+ = n+ + [n+jU"*"] and so f contains [n+jn"*"]. 

Proposition 5.17. Let M ~ G/H be a strictly nearly Kdhler 3-symmetric space such 
that G is semi-simple and the naturally reductive metric on M is given by the restriction 
of —B. Let G^ / P be a complex H-twistor space over M . Suppose moreover that the 
second canonical series associated to p and the canonical almost complex structure m"'" 
satisfy (31). Then, G'^ / P -^ G/H is the fibration of degree 3 associated to p. 

Proof. Once we have 0^ C m'*", we easily get, by (14), 

0^ = [q\5^] C [m+,m+] cm-, 0^ = [q^q^] C [m+.m"] C t)^, 0^ = [q\q^] Cm+,... 
So [),m+,m" are like in the definition (28) of the fibration of degree 3. D 

Finally we can replace condition (31) by another, perhaps easier to apply : 

Lemma 5.18. Let B be a base of simple roots such that p = p^ C ^aeiz+ 0"' A C B. 
Then g^ C m^ if and only if 

V/3 eA, QpC m+ 
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Proof. To show this, we first make the following simple remark that, since l^ = [^ is 
given by (3), the roots a whose weight spaces compose P = [i^, V-] all have nj^{a) > 2, 
etc., and so, for all r G Z, 

(32) 0^= 0. 

In particular, for (3 E A, n^(/3) = 1 so 0^ C 0^ C m+. 

Conversely, let a G 7^ such that n^(a) = 1. Then there exists a simple root P E A 
such that a = ao + P where n_4(«o) = 0. Consequently, 

where 0q,„ C t^ C f)^ and 0^ C m+. But m+ represents an invariant almost complex 
structure on G/H thus it is Ad(if )-invariant. Then 0q, C [t)"-", m+] C m"*" for all a such 
that nj^{a) = 1. D 

6. Examples 

In this section we shall number the positive roots B = {/5i,/52, . . .} and replace A 
in p_4, l_4 or V^ by the corresponding number : for example p{/3i,/33,/34} becomes P134. 
Also, for a root a written (ai,...,afc), in standard coordinates, we abreviate Qa into 

[ai, . . . , Ofc] and |0a] into |ai, . . . , afcl- 

6.1. Twistor space of a Wolf space. Here, we treat a particular case where K = H. 
Let i C be a Cartan subalgebra and let TZ be the corresponding root system. We choose 
a scalar product ( , ) on t* , invariant by the Weyl group (the group of automorphisms 
of T coming from inner automorphisms of G). We define the following quantity, for 

a,(3e n : 

According to [7], pl98, this is an integer, ranging between -3 and 3, that gives informa- 
tion on the relative positions of a, p. Now, let 7 be the highest weight, for a choice of 
simple roots B : Wa E TZ, (7,7) > (a, 7). Moreover (7,7) = (a, 7) if and only if a = 7. 
Finally (a/j) takes the values —1, and 1 if a 7^ 7, and 2 (resp. —2) if a = 7 (resp. 

-7). 

The Cartan subalgebra t is identified with its dual via the scalar product ( , ) so that 
we can see 7 as an element of I. Let K be the centralizer in G of the 1-dimensional 
abelian subalgebra generated by 7. With the description made of the parabolic subal- 
gebras and centralizers of torus (cf theorem 1 and lemma 5.5), this corresponds to 

A={aeB\ {ah) = 1} 

and so 

t = lA = i® I0J 

{q/7)=0 
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We calculate the first canonical series associated to p^ : 

^' = ^\= Sa = 07© 0- ^' = 07, ^' = {0}. 

(a/7)>0 (a/7)=l 

Indeed, for a, a' such that (q;/7) = (a'/T) = 1, (« + a'/T) = 2 so a + a' ^ 7^ or 
a + a' = 7. Then 

00 = t^, 01 = 0a, 02 = 07, 03 = {0} 

(a/7)=l 

and the canonical fibration of Burstall and Rawnsley (the "fibration of degree 2") is 

G^/Pa -^ G/F 
where F is the subgroup of G with Lie algebra 

f = 0102.1 = e©l07l 

•i>0 

Thus, the fibre is 2-dimensional, isomorphic to CP(1) (see pl32 of [27] for details), 
inducing a quaternionic structure on G/F and G/ K is the twistor space of a Wolf space 
that is, of a quaternion-Kahler, compact, symmetric space. 

As for the fibration of degree 3, 93 = {0} so 

[) = I0OI = t 

Consequently, G/ K = G/H is equipped not only with a Kahlerian, but also with a 
3-symmetric strictly nearly Kahler structure given by 

m+ = g_^ © Qa 

(a/7)=l 

This almost complex structure J2 is obtained from the complex structure Ji , represented 
by ["•", by reversing the sign of Ji along the fibre of G/K — > G/F. Indeed, the vertical 
subspace is identified with Iq^J. This is another proof, for a Wolf space, of theorem 2.9 
but also of proposition 3.9. 

6.2. G'2-spaces. Take G = G2- The roots may be written 

(0,2^3) (0,-2v^) 

(3,V3) (-3,-73) 

(-3,v^) (3,-v^) 

(1,73) (-1,-73) 

(-1,73) (1,-73) 

(2,0) (-2,0) 
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Make the choice of simple roots Pi = (—3, v^), P2 = (2, 0). Then, the roots in the left 
row are the positive roots : 



-l,v^) = 


(-3,v^) + (2,0) 


(l,v^) = 


(-3,v^) + 2(2,0) 


(3,v^) = 


(-3,73) + 3(2,0) 



and 

7 = (0, 2^3) = 2(-3, VS) + 3(2, 0) 

is the highest weight. We already know two G'2-3-symmetric spaces (and by the clas- 
sification of Gray and Wolf, see [30] or [18], these are the only ones). Firstly, by the 
previous example, the twistor space G2/U{2) of the exceptionnal Wolf space G'2/'S'0(4) 
is Kahler but also nearly Kahler, 3-symmetric. Secondly, the 6-dimensional sphere 
S^ ~ G2I SU{^) is also a 3-symmetric space. There are 3 types of complex fiag mani- 
folds of the form G'^jP , corresponding to 

^1 = 2R©|2,01 

I2 = 2R© [-3,^31 

^12 = 2R 

The first two, G2/P1 and G2/P2 constitute two distinct realizations of G2/U(2) as a 
complex Hag manifold. The first one corresponds to the twistor space of the exceptionnal 
Wolf space because ((2, 0), (0, 2v^)) = 0, for the canonical scalar product, so Ki is the 
centralizer of the torus generated by 7. For the second one, we have 

gi = [-l,v^]©[2,0], g^ = [l,V3l 0=^ = [0,2^3] © [3, Vs], q" = {0} 

(we can first compute P, i = 1, 2, 3, 4 and then use the definition 5.7 of 0* or apply (32)). 
Thus, 

I) = 2M © 1-3, v^l © |0, 2v^l © |3, 731, m+ = [-1, v^] © [2, 0] © [-1, -^/3] 

Finally, G/H = G2I SU{?>) ~ S^. Indeed, we showed in [10] that the 6-dimensional 
sphere admits an integrable twistor space with fibre isomorphic to CP(2). This is the 
"reduced twistor space" y described above or more precisely one of its connected com- 
ponents. The two components yi and 3^2, see (22), are isomorphic and the fibrations 
G2/U{2) ^y^ ^ S^ and G2/U{2) c:^ y2 -^ S^ are obtained one from the other by 
composing with the antipodal map oi 2, j ^^ —j or in the present setting by exchang- 
ing the roles of m"'" and m~ in the definition of the fibration of degree 3. Moreover, 
we can not construct another twistor space on S^ with our method because SU{3) acts 
transitively on the fibres of ^i, y2- 

What is the fibration of degree 3 associated with P12, with total space G2/ S"^ x S^ H 
This time, the second canonical fibration is 

gi = [2, 0] © [-3, VS], g^ = [-1, VS], 0-^ = [1, v^] 
S4 = [3,v^], 05 = [O,2v^], 06 = {O} 
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So 

I) = 2R © [1, v^l, m+ = [2, 0] © [-3, v^] © [1, -v^] © [3, v^] © [0, -2^3] 

The resulting 3-symmetric space is G^/ Pi — G2/U{2), the twistor space of G'2/5'0(4). 
To see this, we must make another choice of simple roots : I3[ = (0, — 2\/3), /Sg = (1, Vs). 
Then 

(3, -v^) = 2(0, -2v^) + 3(1, v^) 

is the highest weight, (1, ^/S) satisfies ((1, ^/S), (3, —a/3)) = and all the roots whose 
weight spaces compose m"*", except (—3, ^/3) = —(3, —a/3), are positive roots as required. 

6.3. Special features associated with S'f/(4). The roots of S'f/(4) are 

(1,0,0,-1) (-1,0,0,1) 

(1,0,-1,0) (-1,0,1,0) 

(1,-1,0,0) (-1,1,0,0) 

(0,1,0,-1) (0,-1,0,1) 

(0,1,-1,0) (0,-1,1,0) 

(0,0,1,-1) (0,0,-1,1) 

Let f3i = (1,-1,0,0), /?2 = (0,1,-1,0), /33 = (0,0,1,-1) be the simple roots. The 
other positive roots are (1, 0, —1, 0) = /9i + P2, (0, 1, 0, —1) = /32 + /^s and the highest 

weight 7 = (1, 0, 0, -1) = /3i + /32 + /33. 

There are 7 = 2^ — 1 types of fiag manifolds built up from S't/(4). The associated 
fibrations of degree 3 are all trivial, in the sense that, V^ C B, H = K_a (we will not 
reproduce all the calculations because they are quite lengthy), except when A = B 
where the fibration of degree 3 is 

(33) SU{4f/Pi23 ^ SU{4)/S^ X S^ X S^ 

— > SU{Af/Pi3 ^ SU{4)/S{U{1) X f/(l) X f/(2)) 

The last space is the twistor space of the quaternion-Kahler Grassmannian of complex 
planes in C^, (as in the previous example with G2/ S'^ xS^, it will appear when changing 
the basis of the root system into /S^ = (-1,0,1,0), 13'^ = (1,0,0,-1), (3'^ = (0,-1,0,1)). 

In the other cases, we obtain one, and perhaps several different 3-symmetric structures 
on the fiag manifold SU{4)/Kj^. For example, SU{4)/S{U{1) x f/(l) x f/(2)) has three 
different realizations as a complex fiag manifold : S'?7(4)^/Pi3, but also SU{4:)''^/Pi2 and 
SU{4:)^/P23. As we said, the first one is the twistor space of a Wolf space, Gr2{C^) (in- 
deed Ki3 is the centralizer of 7). The others are more interesting because the canonical 
fibration has rank 4, the fibre being isomorphic to CP(2), so the base is a symmet- 
ric space but not a Wolf space. Indeed this is CP(3). Nevertheless the fibration still 
has complex, totally geodesic fibres thus the conditions are satisfied to perform the 
same modification of the Kahler structure as in the quaternion-Kahler situation by [21]. 
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Consider, for example SU {4)^ / P12 (the other case is similar). We calculate the second 
canonical series : 

fli = [1, -1, 0, 0] © [0, 1, -1, 0] © [0, 1, 0, -1], s^ = [1, 0, 0, -1] © [1, 0, -1, 0], Q^ = {0} 

Consequently the canonical fibration is SU {A) / K12 -^ SUi^A)/ F where the Lie algebra 
of Fis 

f = !i2© [1,0, 0,-11 ©II, 0,-1, 01 

Thus, F = S{U{1) X f/(3)) and the symmetric space SU{4:)/F is isomorphic to CP(3). 
Now the fibration of degree 3, SU {4) j K12 — * SU{4:)/H is characterized by if = K12 
and 

m+ = [1, -1, 0, 0] © [0, 1, -1, 0] © [0, 1, 0, -1] © [-1, 0, 0, 1] © [-1, 0, 1, 0] 

so m"*" is obtained from [^2 by changing the sign along the vertical subspace of the 
canonical fibration, represented by |1, 0, 0, — ll © [1, 0, —1, Ol. 

However this 3-symmetric structure coincides with the 3-symmetric structure on the 
twistor space of a quaternion-Kahler manifold. To see this we must take the basis 
(3'{ = (-1, 0, 1, 0), (3!{ = (0, 0, -1, 1) and (3'^ = (0, 1, 0, -1), so that the highest weight is 
7" = (—1, 1, 0, 0). The centralizer of the torus generated by 7" has Lie algebra 

4 = 3R©|0,0,l,-ll = li2, 

[;'3+ = [-1, 1, 0, 0] © [0, 1, -1,0]© [0, 1, 0, -1] © [-1, 0, 0, 1] © [-1, 0, 1, 0] 

and finally the 3-symmetric structure, as in example 1, is represented by 

m"+ = [1, -1, 0, 0] © [0, 1, -1,0]© [0, 1, 0, -1] © [-1, 0, 0, 1] © [-1, 0, 1, 0] = m+ 

So even if M = SU{4)/S{U{1) x f/(l) x f/(2)) has three distinct invariant complex 
structures, corresponding to three distinct realizations as a complex fiag manifold, or 
equivalently to three twistor fibrations on a symmetric space with total space M, the 
corresponding 3-symmetric nearly Kahler structures coincide. In other words, there are 
several Ji but only one J2, in terms of proposition 2.9. This fact was already noticed 
by Salamon in [26], section 6. 

The other feature associated with 5't/(4) we found interesting is a kind of counter 
example of proposition 5.17, i.e. a complex twistor space on a 3-symmetric space, 
not coming from a fibration of degree 3. Again, the 3-symmetric space we consider is 
the twistor space of a Wolf space, here Gr2{C'^), with the corresponding 3-symmetric 
structure as in paragraph 6.1 given by : 

[) = 3M©|0,1,-1,01 

m+ = [-1, 0, 0, 1] © [1, 0, -1, 0] © [1, -1, 0, 0] © [0, 1, 0, -1] © [0, 0, 1, -1] 

In view of proposition 5.15, we make a change of base B \-^ B" = {P'l, P2, P'^} as above. 
Then the positive roots are : 

(-1,0,1,0) (0,0,-1,1) (0,1,0,-1) (-1,0,0,1) (0,1,-1,0) (-1,1,0,0) 

We compute n"*" as in (30) : 

n+ = [-1, 0, 0, 1] © [-1, 0, 1, 0] © [-1, 1, 0, 0] © [0, 1, 0, -1] © [0, 0, -1, 1] 
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We remark that n"*" contains all the weight spaces associated to a simple root /9f . Thus 

In particular n"*" satisfies (25) so the if-twistor space associated to n"*" is integrable, 
isomorphic to SU{4)/{S^Y — *S'f/(4)*^/Pi23. However, the first term of the second 
canonical series associated to l"^ , 

q"^ = [-1, 0, 1, 0] © ©[0, 1, 0, -1] © [0, 0, -1, 1], 

is not included in m"*" (nor in m~) thus it can't be the fibration of degree 3 by our remark 
5.16. Yet, the total space and the base M ~ S'f/(4)/S'(f/(l) x f/(l) x f/(2)), equipped 
with its nearly Kahler structure, are the same. Only the inclusion of S'f/(4)/(S'^)^ into 
S, the Riemannian twistor space of M, changes. 

6.4. The complex projective space CP(2g + 1). The odd dimensional projective 
space appears, in this subsection, as 

(34) CP{2q + 1) ~ Sp{q + 1)/S^ x Sp{q) 

The properties of this homogeneous realization are very different from those attached 
to the other realization : 

(35) CP{n) ~ SU{n + 1)/S{U{1) x U{n)), 

appearing in the previous example. For example, it is from (34) that CP(2g+ 1) reveals 
the twistor space of HP(g) ~ Sp{q+ l)/Sp{l)Sp{q). On the other hand, it can be seen 
on (35) that CP(n) is a symmetric space. 

Among all the Wolf spaces, the interest of ElP(g) is that its Riemannian holonomy 
is generic, equal to Sp{l)Sp{q) so it can be used as a model for the study of non 
locally symmetric, irreducible, quaternion-Kahler manifolds. Then, the holonomy of V 
on CP(2g + 1), equal to S^ x Sp{q) (recall 3.5 that the normal connection coincides 
with the canonical Hermitian connection on a 3-symmetric space) is also generic among 
the nearly Kahler manifolds constructed on the twistor space of a quaternion-Kahler 
manifold with positive scalar curvature. 

To simplify we will set q = 2, the situation for g = 1 being perhaps too singular. The 
other cases g > 3 easily deduce from this one. 

The roots of Sp{3) are, in standard coordinates, 

(2,0,0) (0,2,0) (0,0,2) (1,-1,0) (1,0,-1) (1,0,-1) 
(1,1,0) (1,0,1) (0,1,1) (-2,0,0) (0,-2,0) (0,0,-2) 
(-1,1,0) (-1,0,1) (-1,0,1) (-1,-1,0) (-1,0,-1) (0,-1,-1) 

We choose f3i = (1, -1, 0), /^s = (0, 1, -1) and /^g = (0, 0, 2) so that 7 = (2, 0, 0). The 
twistor space of EIP(3) is CP(5) ~ Sp{3)^/P23 with complex structure 

[+ = [2, 0, 0] © [1, -1,0]© [1, 0, -1] © [1, 1, 0] © [1, 0, 1], 

and 3-symmetric structure 

m+ = [-2, 0, 0] © [1, -1, 0] © [1, 0, -1] ©[1,1,0]© [1, 0, 1]. 
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In general we would have, for CP{2q' + 1), 

(36) [+ = [2, 0, . . . , 0] © [1, -1, 0, . . . , 0] © [1, 0, -1, 0, . . . , 0] © . . . © [1, 0, . . . , 0, -1] 

© [1, 1, 0, . . . , 0] © [1, 0, 1, 0, . . . , 0] © . . . © [1, 0, . . . , 0, 1] 

Let 

n+ = [2, 0, 0] © [-1, 1, 0] © [1, 0, -1] © [1, 1, 0] © [1, 0, 1] 

We have 

[n+,n+]"= [2,0,0] ©[1,1,0], [n+, 11+]" = [0,2,0] © [0, 1, -1] © [0, 1, 1] 
so n"*" satisfies 

[n+,n+]"cn+, and [ [n+,n+]^n+] = [1, 1,0] C n+ 

It is not difficult to remark that [n"'^,n+]'' is isomorphic to (36) for g' = g — 1 = 1 
(it suffices to remove the zero in the first place). Since f) = I © [n"*", n"'']'' we have 
H/K ^ CP(3). This observation is to be made for all q. In conclusion, Vg > 1, 
CP(2g + 1) has a complex twistor space with fibre isomorphic to CP(2g — 1). 

7. TWISTORS SPACES OF 3-SYMMETRIC SPACES 

The classification of Gray and Wolf [30] differentiates between three types of compact, 
simply connected, 3-symmetric spaces M ~ G/H. 

(i) First, the case where H is already the centralizer of a torus. Then rankG = rank if 
and we can write f) = t^. More precisely, there are two subcases : 

a) ^ is a singleton : A = {6} where ns{'y) = 1 or 2. 

b) A has two distinct elements 61,62 with n5^(7) = nsj^i^j) = 1 

Then the construction of Burstall, Rawnsley [12] applies and M is the twistor space of 
a symmetric space. 

(ii) The two groups G and H have same rank but H is not the centralizer of a torus. 
Then, by [30], if is a maximal subgroup of G and there exists a simple root 6 such that 
72^(7) = 3 and {B — {6}) U {—7} constitutes a simple root set for P) which thus equals 

(37) i)5 = i® I0J© I0J 

ns(a)=0 ns{a)=3 

(iii) The third case corresponds to rank if < rankG. This includes two exceptionnal 
homogeneous spaces Spin{8) / G2 and Spin{8)/SU{3) and an infinite family defined by 
G = H X H X H and H stands in G as the diagonal subgroup, the fixed point set of 
the permutation of order 3. 

Thus our assumption that the automorphism of order 3 is inner, or equivalently 
rank G = rank H, appears not too restrictive, since only the spaces in the last group 
fail to satisfy it. 
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It is not hard to understand with our formalism what is the 3-symmetric structure 
on the flag manifolds in (i). Recall (32) : g^ = ^R g^. But n^(7) = 1 or 2, for the 

highest weight 7, so we can't have nj\^{a) > 3. Consequently g^ = {0}, H = K i.e. the 
flbration of degree 3 is trivial and G/H is itself equipped with a 3-symmetric structure 
that consists in changing the sign of ["*" along the vertical subspace, represented by {g^ 
(see examples 1 and 3). 

The three classes (i)-(iii) can be characterized in a geometrical way by the holonomy 
representation of the intrinsic connection V. This clue observation has a history that 
starts with Reyes Carrion [24], carries on with Belgun, Moroianu [4] and ends up with 
the two articles of Nagy [21, 22]. In our case, since all manifolds are homogeneous and 
the intrinsic connection of a nearly Kahler 3-symmetric space coincides with the normal 
connection by proposition 3.5, this is also the isotropy representation. 

(i) The decomposition 

(38) m = m © Ifl^l 

is preserved by f) so V preserves the horizontal and vertical distributions. Moreover s, 
the automorphism of order 3, is an inner automorphism, for 3-symmetric spaces of type 
(i) or (ii). Consequently, the invariant subspaces of Ad{H) are stable by s* and from 
(10), by the canonical almost complex structure J. Finally, the isotropy representation 
oiG/H in this case is complex reducible (we see tangent spaces as complex vector spaces, 
identifying i with J at each point). 

(ii) On the other hand, the manifolds in (ii) are exceptional homogeneous spaces known 
to be isotropy irreducible. In fact these are the only non symmetric isotropy irreducible 
homogeneous spaces G/H such that rankC = lankH (see corollary 8.13.5 of [29]). 

(iii) Finally the isotropy, or the holonomy representation of V on the spaces of type (iii) 
is real reducible i.e. there exists an invariant distribution V such that TM = V © JV. 

We want to construct twistor spaces over the manifolds of the flrst two types such 
that the flbration G/K -^ G/H is a flbration of degree 3. According to section 5, this 
consists, for (i), in a change of base such that the new base satisfles 5.18. Examples are 
given in section 6. They are G2/S^ x S^ ^ G2/U{2) and (33). 

As for the manifolds of type (ii), H still has maximal rank so 5.2 applies and we must 
look for if -twistor spaces over M among the flag manifolds. In view of the description 
made of I), there is a natural candidate, G/Ks. 

Proposition 7.1. Let M = G/H be an isotropy irreducible 3-symmetric space where 
G is a simple Lie group. There exists a simple root S such that n^ij) = 3 and the Lie 
algebra of H is (37), i.e. H = Hs. Then G/H is the base of the flbration of degree 3 
associated to ps. Consequently M has a complex twistor space with flbre Hs/Kg. 



Proof By (32), 

f)5 = «5 © [0^ 
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for the second canonical series associated to ps- The next term is g'' = {0} because 
77,5(7) = 3. Finally I) = 0igj^|0^i as required. D 



8. Conclusion 

In the classification mentionned in the introduction (see [22]), we only treated the 
case of 3-symmetric spaces. However our study might be of some help for the remaining 
two cases. Indeed, we can see the odd-dimensional complex projective space CP(2g + 
1) considered in paragraph 6.4 as a model for nearly Kahler manifolds M built on 
the twistor space of a quaternion-Kahler manifold N, just like one uses ElP(g), the 
quaternionic projective space, as a model for the geometry of non locally symmetric 
quaternion Kahler irreducible spaces themselves. This is because their holonomy is 
Sp{q)Sp{l), the isotropy of ]HIP(g), from Berger's classification [5]. Thus, the holonomy 
of V on M is S^ x Sp{q) and equals the isotropy of CP(2g + 1). The study of M gives 
informations on the quaternion-Kahler manifold N. For example, if M is 3-symmetric, 
iV is a symmetric space. Another interesting fact (see [26]) is that minimal surfaces in 
N are projections of holomorphic curves in M with respect to the nearly Kahler almost 
complex structure. 

In the same manner, we can think of manifolds of the third class (i.e. non locally 
3-symmetric 6-dimensional nearly Kahler manifolds) as modelled on S^ ^ G2/SU{3). 
Indeed, let M be a 6-dimensional complete nearly Kahler manifold. It was shown by 
Belgun, Moroianu [4] that if the holonomy representation of the intrinsic connection V 
is complex reducible, i.e. if the holonomy group is a subgroup of U{1) x t/(2), M is 
isomorphic to CP(3) or F^, the space of complex fiags in C^, and by Nagy [22] that if the 
holonomy representation is real reducible, M is isomorphic to S^ x S^. In particular, 
M is 3-symmetric in both cases. Thus the holonomy representation of non locally 
3-symmetric, 6-dimensional, nearly Kahler manifolds is irreducible. Equivalently, the 
holonomy group of V is SU{3), like for the sphere S^. However, twistor spaces over 
6-dimensional nearly Kahler manifolds have no compatible complex structure, except 
for ^6 (see [10]). 

It was noticed several times that dimension 6 is crucial, in the study of nearly Kahler 
manifolds (for instance, nearly Kahler manifolds in dimension 6 are Einstein, see [19], 
and their cone has holonomy G2, see [3]). In the context of the present article we 
make the remark that it is already representative of Gray and Wolf's classification of 
3-symmetric spaces revisited in section 7. Indeed it supplies examples for the three 
classes : S^ is isotropy irreducible, CP(3), F^ are the twistor spaces of 4-dimensional 
symmetric spaces S^ and CP(2), and finally S^ x S^ c^ SU{2) x SU{2) x SU{2)/SU{2) 
is a representative of the third class. 

The first example of a generalization of the theory of twistor spaces on four dimen- 
sional manifolds involving G-structures is due to Salamon [25] for G = Sp{q)Sp{l). It 
already makes place for G-manifolds with torsion. Indeed, to admit a complex twistor 
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space with fibre CP(1), an S'p(g)S'p(l)-manifold need not be quaternion-Kahler, it is 
enough to be quaternionic, i.e. 3 only of the 6 components of the intrinsic torsion 
(the tensor that measures the failure, for the holonomy, to reduce to G, or for the 
G-structure to be 1-fiat, in the terminology of [8]) vanish. Thus, quaternionic man- 
ifolds are S'p(g)S'p(l)-manifolds with torsion. However these 3 components represent 
the intrinsic torsion of the underlying GL(g, EI)S']9(l)-manifold (see [27], chapter 9) so 
"quaternionic" means also that the GL(g, IH[)S'p(l)-structure is 1-flat and the existence 
of a complex twistor space depends again on the existence of a torsion-free connection, 
which doesn't seem to be the case here. 
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